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ON SOME CURVES WITH MODIFIED ORTHOGONAL FRAME
IN EUCLIDEAN 3-SPACE
MOHAMD SALEEM LONE, HASAN ES, MURAT KEMAL KARACAN,
AND BAHADDIN BUKCU
Abstract. In this paper, we study helices and the Bertrand curves. We obtain
some of the classification results of these curves with respect to the modified
orthogonal frame in Euclidean 3-spaces.
1. Introduction
In the classical study of differential geometry, curves satisfying particular rela-
tions with respect to their curvatures are of greater importance and applications.
Helices and Bertrand curves are two among the prominent. A helix is a curve
whose tangent makes a constant angle with a fixed direction(axis) [3, 8]. There is a
famous classification of a general helix(Lancret theorem): a curve is a general helix
iff κτ = constant [21]. Izumiya and Takeuchi [9] defined a special class of helices
called as slant helices, where the normal vector observes a constant angle with the
fixed direction. They obtained a necessary and sufficient condition for a curve to
be slant helix: a curve is a slant helix iff its geodesic curvature and the principal
normal satisfying the expression
(1.1)
κ2
(κ2 + τ2)
3
2
( τ
κ
)′
is a constant function. Kula and Yaylı [11] studied slant helix and its spherical
indicatrix. They showed that a curve of constant precession is a slant helix. Later,
Kula et al. [10] investigated the relations between a general helix and a slant helix.
J. Bertrand in 1850 discovered the notion of Bertrand curve. A Bertrand curve
is a curve whose principal normal is normal to some other curve called as Bertrand
mate curve. Such a pair of curves is called as Bertrand pair [5, 6]. Bertrand curves
satisfy a linear relation(aτ+bκ = 1) between its curvature and torsion and hence ap-
pear as an analogous form of one dimensional linear Weingarten surfaces which also
have found enormous applications in Computer Aided Geometric Design(CAGD)
[22]. Therefore, we see that Bertrand curve appear as a natural generalization of
helices [4], and in particular, Bertrand mates are used as offset curves in CAGD
[14]. Schief [20] used the soliton theory to study the geodesic imbedding of Bertrand
curves. For more study of helices and Bertrand curves, we refer [1, 12, 16, 17].
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2. Preliminaries
Let ϕ(s) be a C3 space curve in Euclidean 3-space E3, parametrized by arc length
s. We also assume that its curvature κ(s) 6= 0 anywhere. Then an orthonormal
frame {t,n,b} exists satisfying the Frenet-Serret equations
(2.1)
 t′(s)n′(s)
b′(s)
 =
 0 κ 0−κ 0 τ
0 −τ 0
 t(s)n(s)
b(s)
 ,
where t is the unit tangent, n is the unit principal normal, b is the unit binormal,
and τ(s) is the torsion. For a given C1 function κ(s) and a continuous function
τ(s), there exists a C3 curve ϕ which has an orthonormal frame {t,n,b} satisfying
the Frenet-Serret frame (2.1). Moreover, any other curve ϕ˜ satisfying the same
conditions differs from ϕ only by a rigid motion.
Now let ϕ(t) be a general analytic curve which can be reparametrized by its
arc length s, where s ∈ I and I is a nonempty open interval. Assuming that the
curvature function has discrete zero points or κ(s) is not identically zero, we have
an orthogonal frame {T,N,B} defined as follows:
T =
dϕ
ds
, N =
dT
ds
, B = T ×N,
where T ×N is the vector product of T and N . The relations between {T,N,B}
and previous Frenet frame vectors at non-zero points of κ are
(2.2) T = t, N = κn, B = κb.
Thus, we see that N(s0) = B(s0) = 0 when κ(s0) = 0 and squares of the length of
N and B vary analytically in s. From Eq. (2.2), it is easy to calculate
(2.3)
 T ′(s)N ′(s)
B′(s)
 =
 0 1 0−κ2 κ′κ τ
0 −τ κ′κ
 T (s)N(s)
B(s)
 ,
where all the differentiation is done with respect to the arc length(s) and
τ = τ(s) =
det (ϕ′, ϕ′′, ϕ′′′)
κ2
is the torsion of ϕ. From Frenet-Serret equation, we know that any point, where
κ2 = 0 is a removable singularity of τ . Let 〈, 〉 be the standard inner product of
E3, then {T,N,B} satisfies:
(2.4) 〈T, T 〉 = 1, 〈N,N〉 = 〈B,B〉 = κ2, 〈T,N〉 = 〈T,B〉 = 〈N,B〉 = 0.
The orthogonal frame defined in (2.3) satisfying (2.4) is called as a modified or-
thogonal frame [19]. We see that for κ = 1, the Frenet-Serret frame coincides with
the modified orthogonal frame.
Let I be an open interval of real line R and M be a n−dimensional Riemannian
manifold and Tp(M) be a tangent space of M at a point p ∈ M . A curve on M is
a smooth mapping ψ : I → M . As a submanifold of R, I has a coordinate system
consisting of the identity map u of I. The velocity vector of ψ at s ∈ I is given by
ψ′(s) =
dψ(u)
du
|s ∈ Tψ(s)(M).
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A curve ψ(s) is said to be regular if ψ′(s) 6= 0 for any s. Let ψ(s) be a space curve
on M and {t,n,b} the moving Frenet frame along ψ, then we have the following
properties
(2.5)

ψ′(s) = t
Dtt = κn
Dtn = −κt + τb
Dtb = −τn,
where D denotes the covariant differentiation on M [7].
3. General helices with modified orthogonal frame
In this section, we study a curve on manifold M . From (2.3), we have
(3.1)

ψ′(s) = t = T
DTT = N
DTN = −κ2T + κ
′
κ
N + τB
DTB = −τN + κ
′
κ
B.
Theorem 3.1. (Lancret theorem) Let ψ : I → E3 be a parametrization by arc-
length. Then, with respect to the modified orthogonal frame, ψ is a general helix if
and only if
τ(s)
κ(s)
= λ, where λ ∈ R.
Remark 3.2. Lancret theorem is a celebrated theorem on helices having many proofs
in different ambient spaces and frames. It can be easily proved with the modified
orthogonal frame also.
Theorem 3.3. A unit speed curve ψ is a general helix according to the modified
orthogonal frame if and only if
(3.2) DTDTDTT = µN +
3κ′
κ
DTN
where
(3.3) µ =
κ′′
κ
− κ2 − τ2−3
(
κ′
κ
)2
.
Proof. Let ψ be a general helix. From (3.1), we have,
(3.4) DT (DTT ) = −κ2T + κ
′
κ
N + τB
and
DTDTDTT = −2κκ′T − κ2N +
(
κ′′
κ
− κ
′ 2
κ2
)
N
+
κ′
κ
(
−κ2T + κ
′
κ
N + τB
)
+ τ ′B + τ
(
−τN + κ
′
κ
B
)
.
(3.5)
Combining like terms of (3.5), we get
DTDTDTT = (−3κκ′)T +
(
κ′′
κ
− κ2 − τ2
)
N +
(
2
κ′
κ
τ + τ ′
)
B.(3.6)
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Using the third equation of (3.1) in (3.6), we get
DTDTDTT = (−3κκ′)T +
(
κ′′
κ
− κ2 − τ2
)
N
+
1
τ
(
2
κ′
κ
τ + τ ′
)(
DTN + κ
2T − κ
′
κ
N
)
.
Combining similar terms, we have
DTDTDTT =
(
−3κκ′ + 2τκ
′ + τ ′κ
τ
κ
)
T
+
(
κ′′
κ
− τ2 − κ2 − 2τκ
′ + τ ′κ
τκ2
κ′
)
N +
(
2τκ′ + τ ′κ
τκ
)
DTN.
(3.7)
Now, since ψ is a general helix, we have τκ = constant and the derivation give rise
to
(3.8) κ′τ = κτ ′ or
κ′
κ
=
τ ′
τ
.
Substituting (3.8) in (3.7), we get
(3.9) DTDTDTT =
(
κ′′
κ
− κ2 − τ2-3κ
′ 2
κ2
)
N +
3κ′
κ
DTN.
This proves (3.2). Conversely, assume (3.2) is satisfied. We show that the curve ψ
is a general helix. Differentiating covariantly N = DTT in (3.1), we get
(3.10) DTN = DTDTT
and so
(3.11) DTDTN = DTDTDTT = µN +
3κ′
κ
DTN
or
DTDTN = µN +
3κ′
κ
DTN.
Using the third equation of (3.1) in above equation, we obtain
DTDTN = µN +
3κ′
κ
(
−κ2T + κ
′
κ
N + τB
)
.
Combining the like terms, we get
(3.12) DTDTN = −3κκ′T +
(
µ+ 3
(
κ′
κ
)2)
N + 3
τκ′
κ
B.
Using (3.10), the equation in (3.6) ca be written as
(3.13) DTDTN = −3κκ′T +
(
κ′′
κ
− κ2 − τ2
)
N +
(
τ ′ +
2τκ′
κ
)
B.
Consequently from (3.12) and (3.13), we obtain
κ′
κ
=
τ ′
τ
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and so
(3.14)
( τ
κ
)′
= 0.
Integrating (3.14) equality, we get
τ
κ
= constant.
Hence ψ is a general helix. 
Theorem 3.4. Let ψ be a unit speed curve, then ψ is a general helix according to
the modified orthogonal frame if and only if
(3.15) det(T ′, T ′′, T ′′′) = 0.
Proof. Let
(
τ
κ
)
be constant. We have the equalities
ψ
′
= T
ψ
′′
= T ′ = N
ψ
′′′
= T ′′ = −κ2T + κ
′
κ
N + τB
ψ(4) = T ′′′ = −2κκ′T − κ2N + 1
κ
κ′′N − κ
′κ′
κ2
N
+
κ′
κ
(
−κ2T + κ
′
κ
N + τB
)
+ τ
(
−τN + κ
′
κ
N
)
+ τ ′B
ψ(4) = T ′′′ = −3κκ′T +
(
κ′′
κ
− κ2 − τ2
)
N +
(
2κ′τ
κ
+ τ
′
)
B.
Since ψ is a general helix, i.e, κτ = c or
κ′
κ =
τ ′
τ . Thus, we have
2κ′τ
κ
+ τ ′ = 3τ ′.
Hence, we get
T ′′′ = −3κκ′T +
(
κ′′
κ
− κ2 − τ2
)
N + 3τ
′
B.
The above equalities implies that
(3.16)
det(T ′, T ′′, T ′′′) =
∣∣∣∣∣∣
0 1 0
−κ2 κ′κ τ
−3κκ′ κ′′κ − κ2−τ2 3τ ′
∣∣∣∣∣∣ = 3κ (κτ ′ − τκ′) = 3κ3
( τ
κ
)′
.
Since
( τ
κ
)
is constant, we have
( τ
κ
)′
= 0 and det(T ′, T ′′, T ′′′) = 0.
Now, let det(T ′, T ′′, T ′′′) = 0. It is clear that
( τ
κ
)
is constant for being( τ
κ
)′
= 0.
Thus, ψ is a general helix. 
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Figure 1. Circular Helix :
(
sin s√
2
, s√
2
, cos s√
2
)
.
Example 3.5. Suppose a curve ϕ be parameterized as
(3.17) ϕ(s) =
(
sin
s√
2
,
s√
2
, cos
s√
2
)
.
The Frenet frame vectors {t,n,b} of (3.17) are given by
t =
(
1√
2
cos
s√
2
,
1√
2
,− 1√
2
sin
s√
2
)
.
n =
(
− sin s√
2
, 0,− cos s√
2
)
.
b =
(
− 1√
2
cos
1√
2
,
1√
2
,
1√
2
sin
1√
2
s
)
.
Also the curvature and torsion is given by
(3.18) κ(s) =
1
2
, τ(s) =
1
2
.
Therefore the modified orthogonal frame vectors are given by
T (s) = t =
(
1√
2
cos
s√
2
,
1√
2
,− 1√
2
sin
s√
2
)
.
N(s) = κn =
(
−1
2
sin
s√
2
, 0,−1
2
cos
s√
2
)
.
B(s) = κb =
(
− 1
2
√
2
cos
s√
2
,
1
2
√
2
,
1
2
√
2
sin
s√
2
)
.
From the above frame vectors and (3.18), we see that ϕ is arc length parameterized
and a helix, respectively. Substituting the above quantities in (3.3), we see that
equality in (3.2) is satisfied.
The higher derivative of T (s) are given by
T ′(s) =
(
− 12 sin s√2 , 0,− 12 cos s√2
)
T ′′(s) =
(
− 1
2
√
2
cos s√
2
, 0, 1
2
√
2
sin s√
2
)
T ′′′(s) =
(
1
4 sin
s√
2
, 0, 14 cos
s√
2
)
.
(3.19)
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From (3.19), it is easy to verify (3.15).
Figure 2. General Helix:
(
(1+s)
3
2
3 ,
(1−s) 32
3 ,
s√
2
)
.
Example 3.6. Let us consider a curve parameterized as
(3.20) ψ(s) =
(
(1 + s)
3
2
3
,
(1− s) 32
3
,
s√
2
)
,
where −1 < s < 1. The Frenet frame vectors {t,n,b} of (3.20) are found as:
t = 12
(√
1 + s,−√1− s,√2)
n = 1√
2
(√
1− s,√1 + s, 0)
b = t× n = 12
(
−√1 + s,√1− s,
√
2
2
)
and κ = τ = 1√
8(1−s2) .
Therefore the modified orthogonal frame vectors are given by
T = t =
(√
1 + s
2
,−
√
1− s
2
,
√
2
2
)
.
N = κn =
1
4
(
1√
1 + s
,
1√
1− s , 0
)
.
B = κb =
1
4
√
2
(
− 1√
1− s ,
1√
1 + s
,
√
2√
1− s2
)
.
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Also, one can easily find
dψ
ds
= T =
1
2
(√
1 + s,−√1− s,
√
2
)
d2ψ
ds2
= T ′ =
1
4
(
1√
1 + s
,
1√
1− s , 0
)
d3ψ
ds3
= T ′′ =
1
8
(
− 1
(1 + s)
3
2
,
1
(1− s) 32
, 0
)
d4ψ
ds4
= T ′′′ =
3
16
(
1
(1 + s)
5
2
,
1
(1− s) 52
, 0
)
Hence det(T ′, T ′′, T ′′′) is zero. This verifies (3.15). Again substituting the required
quantities in (3.3), equation (3.2) is a straightforward verification.
Theorem 3.7. Let ψ : I → E3 be a unit speed curve in E3 such that the curvature
and torsion of the curve is a non-zero constant and non-constant, respectively. Then
ψ is a slant helix according to modified orthogonal frame if and only if the function
(3.21)
τ ′
(κ2 + τ2)
3
2
is constant.
Proof. Let ψ be the given unit speed curve in E3. Let U be the vector field such
that the function 〈N(s), U〉 = c is constant. There exist smooth functions a and b
such that
(3.22) U = a(s)T (s) + cN(s) + b(s)B(s), s ∈ I.
As U is constant, a differentiation of (3.22) together (2.3) gives
(3.23)
 a
′ − cκ2 = 0
a− bτ = 0
b′ + cτ = 0
From the second equation in (3.23), we get
(3.24) a = τb.
Moreover, since U is a constant vector, we have
(3.25) 〈U,U〉 = a2 + c2κ2 + bκ2 = constant.
We point out that this constraint, together with the second and third equation of
(3.23) is equivalent to the very system (3.23). Combining (3.23) and (3.25), let m
be the constant given by
b2
(
κ2 + τ2
)
= constant− c2κ2 = m2.
This gives
b = ± m√
κ2 + τ2
.
The third equation in (3.23) yields
d
ds
(
± m√
κ2 + τ2
)
= cτ
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on I. This can be written as
± c
m
=
τ
′
(κ2 + τ2)
3
2
,
which proves (3.21). Conversely, assume that the condition (3.21) is satisfied. In
order to simplify the computations, we assume that the function in (3.21) is a
constant, namely c (the other case is analogous). Define
(3.26) U =
mτ√
κ2 + τ2
T (s) +
m√
κ2 + τ2
B(s) + cN(s), s ∈ I.
A differentiation of (3.26) together with the modified orthogonal frame gives
U
′
=
mτ ′κ2
(κ2 + τ2)
3
2
T (s)− mττ
′
(κ2 + τ2)
3
2
B(s) +
mτ√
κ2 + τ2
N(s)
+
m√
κ2 + τ2
(−τN(s)) + mτ
′
(κ2 + τ2)
3/2
−κ2T (s) + κ′κ N︸︷︷︸
0
+τB(s)
 = 0
that is, U is a constant vector. On the other hand,
〈N(s), U〉 =
〈
N(s),
mτ√
κ2 + τ2
T (s) + cN(s) +
m√
κ2 + τ2
B(s)
〉
= c.
This means that ψ is a slant helix.
Remark 3.8. For κ = 1, we see that with respect to the modified orthogonal frame,
the condition for slant helix in (3.21) is equal to the condition for slant helix with
respect to Frenet-Serret frame in (1.1).
Example 3.9. Salkowski [18] introduced a family of curves with constant curvature
but non-constant torsion and called them as Salkowski curves. Later, Monterde
[13] characterized Salkowski curves as the space curves with constant curvature
and whose normal vector makes a constant angle with a fixed line. Thus, we can
give Salkowski curves as striking example of slant helices.

4. Bertrand curves with modified orthogonal frame
Definition 4.1. Let ϕ and ψ be two curves with non-vanishing curvatures and
torsions and Nϕ and Nψ are normals of ϕ and ψ, respectively. If Nϕ and Nψ are
parallel, then (ϕ ,ψ) is called Bertrand pair [6].
From the definition of Bertrand pair (ϕ(s) , ψ(s∗)), there is a functional relation
s∗ = s∗(s) such that
δ∗(s∗(s)) = δ(s).
Let (ϕ ,ψ) be a Bertrand pair, we can write
(4.1) ψ(s) = ϕ(s) + δ(s)Nϕ(s).
Theorem 4.2. The distance between the corresponding points of a Bertrand pair
(Cϕ, Cψ) with respect to the modified orthogonal frame is constant.
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Proof. Let Cϕ and Cψ be given ϕ(s) and ψ(s), respectively. Using (4.1), we can
write
ψ = ϕ+ δNϕ.
Differentiating, and using modified orthogonal frame, we obtain
(4.2) ψ′(s) =
(
1− δκ2ϕ
)
Tϕ +
(
δ′ +
δκ′ϕ
κϕ
)
Nϕ + δτϕBϕ.
Taking the inner product (4.2) with Nϕ, and using Nϕ ‖ Nψ, we obtain
〈Nϕ, ψ′(s)〉 = δ′ +
δκ′ϕ
κϕ
= 0.
This implies
(4.3) − δ
′
δ
=
κ′ϕ
κϕ
.
Integrating (4.3), we get
(4.4) δ(s) =
c
κϕ(s)
,
where c a real number except zero, Therefore
‖ψ − ϕ(s)‖ =
∥∥∥∥ cκϕ(s)Nϕ(s)
∥∥∥∥ = |c| ∣∣∣∣ 1κϕ
∣∣∣∣ |κϕ| = |c| .

Lemma 4.3. The angle between tangent lines of a Bertran pair (ϕ,ψ) is constant.
Proof. Differentiaiting 〈Tψ, Tϕ〉, we get
d
ds
〈Tψ, Tϕ〉 = 〈Tψ, Nϕ〉+ 〈Tψ, Nϕ〉 .
Since
Nψ
κψ
= ±Nϕκϕ , 〈Nψ, Tϕ〉 = 0 and 〈Nϕ, Tψ〉 = 0 . Thus we get dds 〈Tϕ, Tψ〉 = 0
and so 〈Tϕ, Tψ〉 =constant. 
Theorem 4.4. A pair of curves (Cϕ, Cψ) with τϕ 6= 0 is a Bertrand pair if and
only if
(4.5) cκϕ + acτϕ = 1,
where a = cot θ and c =constant.
Proof. Suppose (Cϕ : ϕ,Cψ : ψ) be a Bertrand pair with τϕ 6= 0. Let the modified
orthogonal frames of ϕ(s) and ψ(s) are given by
{Tϕ = tϕ, Nϕ = κϕnϕ, Bϕ = κϕbϕ} , {Tψ = tψ, Nψ = κψnψ, Bψ = κψbψ} ,
respectively. From Lemma 4.3, we know that the angle θ between Tϕ and Tψ is
constant. Thus, we may write
(4.6) Tψ = cos θTϕ +
sin θ
κϕ
Bϕ.
Using (4.3) and (4.4) in (4.2), we get
(4.7) ψ′(s) = (1− cκϕ)Tϕ + cτϕ
κϕ
Bϕ.
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From (4.6) and (4.7), we obtain
1− cκϕ
cos θ
=
cτϕ
κϕ
sin θ
κϕ
or
(4.8) cκϕ + acτϕ = 1.
Conversly, suppose Cϕ be a curve satisfying cκϕ + acτϕ = 1 and τϕ 6= 0. Define
another curve Cψ as:
ψ(s) = ϕ(s) + δ(s)Nϕ(s).
We shall prove that Cϕ and Cψ are Bertrand mates. From (4.7), we know
(4.9) ψ′(s) = (1− cκϕ)Tϕ + cτϕ
κϕ
Bϕ.
Using the given condition in (4.9), we obtain
ψ′(s) = acτϕTϕ +
cτϕ
κϕ
Bϕ = c
(
aTϕ +
Bϕ
κϕ
)
τϕ.
Hence the tangent vector to Cψ is given by
(4.10) Tψ =
ψ′(s)
‖ψ′(s)‖ =
cτϕ
|cτϕ|
(
aTϕ +
Bϕ
κϕ
)
√
a2 + 1
= ±
aTϕ +
Bϕ
κϕ√
a2 + 1
; a = const.
Differentiation (4.10) with respect to s∗, we get
dTψ
ds∗
= ± 1√
a2 + 1
{
aNϕ −
κ′ϕ
κ2ϕ
Bϕ +
1
κϕ
(
−τϕNϕ +
κ′ϕ
κϕ
Bϕ
)}
ds
ds∗
.
This implies that
Nψ = ±
a− τϕκϕ√
a2 + 1
ds
ds∗
Nϕ.
or
(4.11)
Nψ
κψ
= ±
a− τϕκϕ√
a2 + 1
ds
ds∗
κϕ
κψ
Nϕ
κϕ
.
Since
Nψ
κψ
and ± Nϕκϕ are unit vectors, from (4.11), we have
ds∗
ds
=
κϕ
κψ
a− τϕκϕ√
a2 + 1
and
Nψ
κψ
= ±Nϕ
κϕ
.
This completes the proof. 
Theorem 4.5. Let (Cϕ, Cψ) be a Bertrand mate in Euclidean 3-space E
3 according
to the modified orthogonal frame, then the following identities hold:
 κϕ =
cκψ+sin
2 θ
c(1+cκψ)
τϕτψ =
(
sin θ
c
)2
> 0.
(4.12)
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Proof. From (4.6) and (4.7), we can write respectively,
(4.13)

1− cκϕ
cos θ
=
ds∗
ds
⇒ ds
∗
ds
cos θ = 1− cκϕ
c
τϕ
κϕ
sin θ
κϕ
=
ds∗
ds
⇒ ds
∗
ds
sin θ = cτϕ.
Interchanging the roles of ϕ and ψ, thus (ψ,ϕ) is also a Bertrand mate and in this
case, δ and θ are replaced with −δ and −θ, respectively. Hence we can write as
(4.14)

ds
ds∗
cos θ = 1 + cκψ
ds
ds∗
sin θ = cτψ.
By multiplying the first parts of (4.13) and (4.14), we get
cos2 θ = (1− cκϕ) (1 + cκψ)
or
(4.15) κϕ =
cκψ + sin
2 θ
c (1 + cκψ)
.
Now multiplying the second parts of (4.13) and (4.14), we get
(4.16) sin2 θ = c2 (τϕτψ) .
From above equation, we see that
τϕτψ > 0.

Example 4.6. Let ϕ be a curve parameterized by
(4.17) ϕ(s) =
(
1
2
√
2
sin 2s,
1
2
√
2
cos 2s,
s√
2
)
.
The modified orthogonal frame vectors for (4.17) are given by
Tϕ =
(
1√
2
cos 2s,− 1√
2
sin 2s,
1√
2
)
.(4.18)
Nϕ =
(
−
√
2 sin 2s,−
√
2 cos 2s, 0
)
.(4.19)
Bϕ = (−2 sin 2s,−2 cos 2s, 0) .(4.20)
From above, we see that ϕ is parameterized by arc length. Also, the curvature and
torsion is given by:
κϕ =
√
2, τϕ = −
√
2.
Now for c = 1√
2
, with the help of (4.1), we can construct a curve ψ parameterized
as
(4.21) ψ(s) =
(
− 1
2
√
2
sin 2s,− 1
2
√
2
cos 2s,
s√
2
)
.
ON SOME CURVES WITH MODIFIED ORTHOGONAL FRAME IN EUCLIDEAN 3-SPACE 13
The modified orthogonal frame vectors of (4.21) are found as
Tψ =
(
− 1√
2
cos 2s,
1√
2
sin 2s,
1√
2
)
.(4.22)
Nψ =
(√
2 sin 2s,
√
2 cos 2s, 0
)
.(4.23)
Bψ = (− cos 2s, sin 2s,−1) .(4.24)
From (4.19) and (4.23), we see that (ϕ,ψ) is a Bertrand pair. The curvature and
the torsion of ψ(s) are given by
κψ =
√
2, τψ = −
√
2.
From (4.18) and (4.22), we have θ = pi2 . Hence (4.5) is straightforward. Again
substituting the required quantities, the identities in (4.12) are direct verifications.
Figure 3. Bertrand pair (ϕ,ψ)
Theorem 4.7. Suppose there exists a one-one relation between the points of the
curves Cϕ and Cψ, such that at the corresponding points Pϕ on Cϕ and Pψ on Cψ :
(a) κϕ is constant.
(b) τψ is constant.
(c) Tϕ is parallel to Tψ,
then the curve C generated by P that divides the segment PϕPψ in ratio h : 1 is a
Bertrand curve.
Proof. Let α(s), αϕ(s), αψ(s) be the coordinate vectors at the points P , Pϕ, Pψ on
the curves C, Cϕ, Cψ respectively. Then from a convex combination of points Pϕ
and Pψ , the equation of point P is
(4.25) α(s) = hαϕ(s) + (1− h)αψ(s), h ∈ R, h ∈ [0, 1] .
Differentiating (4.25) with respect to s and using the hypothesis, i.e., Tϕ = Tψ ,we
find
(4.26) Tds = hTϕdsϕ + (1− h)Tψdsψ = [hdsϕ + (1− h)dsψ]Tϕ
(4.27) T = Tϕ = Tψ
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(4.28) h
dsϕ
ds
+ (1− h)dsψ
ds
= 1.
Similary, by differentiating (4.27), we obtain
(4.29) Nds = Nϕdsϕ = Nψdsψ,
(4.30) κds = κϕdsϕ = κψdsψ,
and
(4.31)
dsϕ
ds
=
κ
κϕ
.
(4.32)
N
κ
=
Nϕ
κϕ
=
Nψ
κψ
.
From the vector product of (4.27) and (4.32), we have
(4.33)
B
κ
=
Bϕ
κϕ
=
Bψ
κψ
.
Differentiating (4.33) and using (4.27),(4.32), we get
(4.34) τ
N
κ
= τψ
Nψ
κψ
dsψ
ds
and
(4.35)
dsψ
ds
=
τ
τψ
.
By inserting (4.31) and (4.35) in (4.28), we get(
h
κϕ
)
κ+
(
1− h
τψ
)
τ = 1;κϕ 6= 0, τψ 6= 0,
which is the desired result, since h, κϕ, τψ are constant. 
Theorem 4.8. If the condition (c) in Theorem 4.7 is modified so that at the
corresponding points Pϕ and Pψ the binormals Bϕ and Bψ are parallel, then the
curve C is a Bertrand curve.
Proof. Since
Bϕ
κϕ
=
Bψ
κψ
, similar as in (4.34) and (4.35), we obtain
(4.36)
Nϕ
κϕ
=
τψ
τϕ
dsψ
dsϕ
Nψ
κψ
.
and
(4.37)
dsψ
dsϕ
=
τϕ
τψ
.
Using (4.37), we can rewrite (4.36) as
Nϕ
κϕ
=
Nψ
κψ
.
Thus, we have
Tϕ =
Nϕ
κϕ
× Bϕ
κϕ
=
1
κ2ϕ
(
κϕ
κψ
Nψ × κϕ
κψ
Bψ
)
=
Nψ
κψ
× Bψ
κψ
= Tψ.
Therefore Tϕ is parallel to Tψ, so that by Theorem 4.7, C is a Bertrand curve . 
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Theorem 4.9. If the condition (c) in Theorem 4.7 is modified so that at the
corresponding points Pϕ and Pψ the tangent Tϕ at Pϕ is parallel to the binormal
Bψ at Pψ, then the curve C is a Bertrand curve.
Proof. Since Tϕ =
Bψ
κψ
, it follow that
(4.38) Nϕ = − τψ
κψ
dsψ
dsϕ
Nψ.
Hence Nϕ is parallel to Nψ and since
Nϕ
κϕ
and
Nψ
κψ
are unit vectors,
(4.39)
Nϕ
κϕ
= ±Nψ
κψ
From (4.38) and (4.39), we get
(4.40)
dsψ
dsϕ
= −κϕ
τψ
.
Moreover since
Bϕ = Tϕ ×Nϕ = Bψ
κψ
× κϕ
κψ
Nψ =
κϕ
κ2ψ
(Bψ ×Nψ) =
κϕκ
2
ψ
κ2ψ
(−Tψ) = −κϕTψ,
we get
Tψ = −Bϕ
κϕ
.
Let R, Rϕ, Rψ be the coordinate vectors at the points P , Pϕ, Pψ on the curves C,
Cϕ, Cψ respectively. Then
(4.41) R = hRϕ + (1− h)Rψ.
By differentiating (4.41) with respect to s and by (4.40), we have
(4.42) T =
[
hTϕ − κϕ
τψ
(1− h)Tψ
]
dsϕ
ds
.
Taking the norm of (4.42), we obtain
(4.43)
dsϕ
ds
=
τψ√
h2τ2ψ + κ
2
ϕ(1− h)2
.
Thus with the help of (4.43), we can rewrite (4.42) as
T =
 hτψ√
h2τ2ψ + κ
2
ϕ(1− h)2
Tϕ +
 −(1− h)κϕ√
h2τ2ψ + κ
2
ϕ(1− h)2
Tψ
or
(4.44) T = hϕTϕ + hψTψ ,
where
h
dsϕ
ds
=
h τψ√
h2τ2ψ + κ
2
ϕ(1− h)2
= hϕ, hϕ = constant
(1− h)dsψ
ds
= − (1− h)κϕ√
h2τ2ψ + κ
2
ϕ(1− h)2
= hψ, hψ = constant
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Differentiating (4.44), one can easily get
(4.45)
N
κ
= hϕ
dsϕ
ds
Nϕ
κϕ
+ hψ
dsψ
ds
Nψ
κψ
.
Hence
(4.46)
N
κ
=
Nϕ
κϕ
=
Nψ
κψ
and
(4.47) κ = κϕhϕ
dsϕ
ds
+ κψhψ
dsψ
ds
.
Using (4.44) and (4.46), we can find
(4.48)
B
κ
= hϕ
Bϕ
κϕ
+ hψ
Bψ
κψ
.
Differentiating (4.48), we have
(4.49) τ
N
κ
= hϕτϕ
dsϕ
ds
Nϕ
κϕ
+ hψτψ
dsψ
ds
Nψ
κψ
.
Hence
(4.50) τ = τϕhϕ
dsϕ
ds
+ τψhψ
dsψ
ds
.
Using (4.36) and (4.37), we have
−κϕ
τψ
=
dsψ
dsϕ
=
τϕ
κψ
and
(4.51)
τϕ
κϕ
= −κψ
τψ
.
Assume that
Mϕ = hϕ
dsϕ
ds
, Mψ = hψ
dsψ
ds
,
then by (4.47),(4.50) and (4.51), we have
κ
τψMψ
+
τ
κϕMϕ
=
κϕMϕ + κψMψ
τψMψ
+
τϕMϕ + τψMψ
κϕMϕ
=
κϕ
τψ
Mϕ
Mψ
+
(
κψ
τψ
+
τϕ
κϕ
)
︸ ︷︷ ︸
0
+
τψ
κϕ
Mψ
Mϕ
=
κϕ
τψ
Mϕ
Mψ
+
τψ
κϕ
Mψ
Mϕ
= constant.
Since
κϕ
τψ
and
Mϕ
Mψ
= h1−h
dsψ
dsϕ
= h1−h
κϕ
τψ
are constant and this is the intrinsic equation
of a Bertrand curve. 
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